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• Fundamentals
• The level-set method.

• Curvature estimation
• Importance.
• Numerical improvements.
• Preliminary machine learning research.

• Error-modeling schemes
• Error-correcting neural networks.

• Future work
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Fundamentals

• If 𝐯(𝐱) is a velocity field defined for all 𝐱 ∈ Ω, the evolution of 𝜙 𝐱 satisfies 
the Hamilton-Jacobi level-set equation:

𝜙! + 𝐯 ⋅ ∇𝜙 = 0

2. Level-Set Representation and Equations

Figure 1: Level-set representation of a free boundary (blue solid line) in two spatial dimensions,
moving in its normal direction, and subsequent changes in topology that are handled automatically.
The level-set function is depicted in red. (Color online).

The level-set method of Osher and Sethian [1] represents an interface, �, (i.e. a curve in
two spatial dimensions or a surface in three spatial dimensions) as the zero-contour of a higher
dimensional function, �, called the level-set function, which is defined as the signed distance function
to �:

�(x) =

8
<

:

� d for x 2 ⌦�,
+ d for x 2 ⌦+,

0 for x 2 �,

where d is the Euclidian distance to �. The level-set function can also be used to compute the
normal to the interface n and the interface’s mean curvature :

n = r�/|r�| and  = r · n.

Under a velocity field v = (u, v, w), the interface deforms according to the level-set equation:

@�

@t
+ vn|r�| = 0, where vn = v · n. (1)

Although the level function can be chosen to be any Lipschitz continuous function, in practice
the signed distance function is chosen for its properties of improved mass conservation and accuracy,
especially in the computations of geometrical quantities. Since in general the level-set function does
not retain its signed-distance-function property as it evolves in time through equation (1), Sussman
et al. [30] introduced the reinitialization equation:

�⌧ + sgn(�0) (|r�| � 1) = 0, (2)

to transform a level set function �0 : Rn ! R into the signed distance function �. Here, sgn is
a smoothed-out signum function and ⌧ represents a fictitious time that controls the width of the
band around the zero-level set where � will be sign-distanced. Finally, if the level-set function is a
signed distance function, the projection onto � of any given point x is easily computed as:

x� = x � �(x)r�(x).

2

• The level-set method (LSM) is an implicit 
formulation for advecting an interface, Γ, captured 
as the zero isocontour of the level-set (LS)
function, 𝜙 𝐱 : ℝ" → ℝ , [Osher and Sethian 88] 
[Osher and Fedkiw 02][Gibou et al. 18].

• 𝜙 𝐱 is usually the signed normal distance function 
to the interface Γ:

𝜙 𝐱 = 1
−𝑑, 𝐱 ∈ Ω#,
+𝑑, 𝐱 ∈ Ω$,
0, 𝐱 ∈ Γ.

LS representation of a free boundary in 2D 
(Courtesy of [Gibou et al. 18]).
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Fundamentals
• It is straightforward to compute normal vectors and mean curvature [Min and 

Gibou 07][Du Chéné et al. 08]:

6𝐧 =
∇𝜙
∇𝜙 , 𝜅 = ∇ ⋅

∇𝜙
∇𝜙

• To maintain the signed-distance property, we reinitialize𝜙 𝐱 periodically by 
solving the reinitialization equation [Sussman et al. 94] to steady state (or up 
to 𝜈 iterations):

𝜙% + 𝑆 𝜙& ∇𝜙 − 1 = 0

• Keeping 𝜙(𝐱) as a signed distance function is important because:

• ∇𝜙 = 1 simplifies computations and helps maintain the physical thickness of Γ
in multiphase flow simulations [Salih and Ghosh 13],

• Removes noisy features that might get amplified when computing 𝜕𝜙/𝜕𝑥!, and
• Removes unstructured patterns that affect the performance and training of deep 

learning models [LaLC and Gibou 21a & 21b].

Stencil of vertices and level-set values 
used in the numerical computation of 

curvature at node 𝑖, 𝑗 next to Γ.
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Figure 1: General architecture of a level-set curvature neural network. The input is a nine-dimensional array of preprocessed level-set function
values. Each hidden layer has Ni

h ReLU units (1 6 i 6 4), and the output layer contains a single linear neuron that produces the dimensionless
curvature, h.
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Figure 2: Nine-point stencil of node (i, j) adjacent to the interface and the level-set function values involved in the numerical and neural estimation
of mean curvature.

3.1. Circular-Interface Data Set Generation
The procedure for collecting learning samples from level-set functions with circular interfaces resembles the

method outlined in [36] and [39]. Here, however, we introduce another approach for spacing out circles across the
domain and ensure that all discrete curvatures are sampled equally. The latter is known, among pattern recognition
practitioners, as constructing balanced data sets. The goal is to provide each target class with the same probability
of being accounted for by the learning algorithm. To achieve this, we do not collect samples from a fixed number of
circular interfaces with the same radius [39]. Instead, we explicitly set the number of data pairs that we must extract
for every discrete radius. This technique increases the visibility of high-curvature data pairs (i.e., from small-radius
circles); had we not done that, such samples would be under-represented given that low-curvature patterns can quickly
become dominant.

Let Dc be the set of data pairs extracted from bivariate functions, �(x) : R2 7! R, characterized by smooth circular
isocontours. Define the level-set functions

�c
sd f (x, y) =

q
(x � x0)2 + (y � y0)2 � r and �c

rls(x, y) = (x � x0)2 + (y � y0)2 � r2, (4)

where (x0, y0) is the center of the circular interface, and r is the radius. Notice that unlike �c
sd f (x, y), �c

rls(x, y) is
not a signed distance function. Thus, one must reinitialize �c

rls(x, y) after evaluating the level-set function on the
discretized domain. We have chosen ten iterations throughout this work to solve equation (2) numerically. This choice

4
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Curvature Estimation
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Why Is Curvature Important?

• Curvature is a fundamental attribute in FBPs for its relation to surface tension, 𝐟', in physics and its 
regularization property in optimization.

𝜕!𝜌 + 𝐮 ⋅ ∇𝜌 = 0
𝜌 𝜕!𝐮 + 𝐮 ⋅ ∇𝐮 = ∇ ⋅ 𝜇 ∇𝐮 + ∇(𝐮 − ∇𝑝 + 𝐟'

∇ ⋅ 𝐮 = 0

Navier-Stokes equations for incompressible flow

Setting 𝐮 = 𝟎
−∇𝑝 + 𝜎𝜅𝐧𝛿) = 0,

which is verified for
𝑝 = 𝜎𝜅, 𝜅 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

Equilibrium condition

• It is critical to approximate curvature accurately at the interface (𝜙 = 0) 
• To recover the continuous equilibrium solution [Popinet 18], and
• To avoid erroneous pressure jumps, 𝑝 , that affect breakup and coalescence [Lervåg 14].

• Computing 𝜅 accurately in LSM becomes challenging
• When 𝜙 𝐱 develops kinks close to Γ, or
• Along steep portions in poorly resolved regions.
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Accurate Numerical Curvature Computation

• To compute the second-order accurate derivatives used for curvature, 𝜙 𝐱 must be guaranteed to have some 
smoothness [Du Chéné et al. 08][Popinet 18].

• Reinitialization recovers the signed distance property and smooths out 𝜙 𝐱 for downstream calculations.
• We must consider Γ’s location and the fact that information propagates along the characteristics, in Γ’s normal direction.

J Sci Comput

Fig. 2 (Color online) Zoom of the interface location after 150 iterations of the reinitialization equation on
a 100 × 100 grid. The original level set function (blue) is defined as φ : (x, y) = x2 + y2 − 2.3132. The red
curve depicts the reinitialized function. Left: Using the HJ-WENO scheme of [4]. Right: Using the first-order
accurate scheme of Russo and Smereka

Table 1 Errors in the
reinitialized level set
corresponding to Fig. 2 after
150 iterations of (2)

∥φ − φh∥1 ∥φ − φh∥∞

HJ-WENO scheme 2.006 × 10−2 5.903 × 10−2

Russo & Smereka’s scheme 8.805 × 10−4 3.580 × 10−3

where HG is given by (3.1) and the one-sided differences D+
x φ and D−

x φ are:

!
D−

x φ
"
ij

= φij − φi−1j

"x
and

!
D+

x φ
"
ij

= φi+1j − φij

"x
.

This discretization can be extended to two and three spatial dimensions and to a second-
order accurate scheme (see [12] for more details).

Since the location of the interface is preserved, the loss of area/volume becomes indepen-
dent of the number of iteration of the algorithm. A clear improvement in the preservation of
the location of the interface is observed in Fig. 2 and the associated Table 1, which compare
the results obtained after 150 iterations of the reinitialization equation with the HJ-WENO
algorithm of Jiang and Peng [4] and that of Russo and Smereka [12].

4.1 High-Order Accurate Schemes

The subcell fix of [12] can be extended to general ENO reconstructions in order to de-
velop higher order schemes. These schemes are constructed by successively adding nodes
to build higher interpolants. Two constraints need to be satisfied when computing the one-
sided derivatives for a node adjacent to the interface:

• The nodes across the interface should not be used in the computation of the first-order
degree interpolant since the information propagates outward from the interface.

• The nodes to be added in the construction of higher degree interpolants are chosen in the
direction of smoothness of φ.

Standard schemes
Approximating 𝐷± with (W)ENO 
schemes from [Jiang and Peng 00].

Fixed schemes
Sub-cell correction of [Russo and 
Smereka 00].

Using Γ’s location (A) explicitly in the 
approximation of one-sided derivatives 
(Courtesy of [Du Chéné et al. 08]).

Second-order accurate reinitialized LS 
functions [Russo and Smereka 00]:

𝐷*$𝜙&" =
0 − 𝜙&"

𝑠+
−
𝑠+
2 minmod 𝐷**

& 𝜙&", 𝐷**& 𝜙,"
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Accurate Numerical Curvature Computation

• Reinitialization affects not only mass preservation but also curvature accuracy.

Standard schemes of
[Jiang and Peng 00].

Fourth-order accurate 
reinitialization of
[Du Chéné et al. 08].
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• Even second-order accurate reinitialization is prone to 
producing noisy curvature values.

• For this reason, [Du Chéné et al. 08] extended [Russo and 
Smereka 00]’s idea and designed fourth-order accurate 
reinitialization schemes and obtained second-order 
accurate mean curvature.
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Well-resolved regions

Under-resolved regions

Standing Challenges in Curvature Computation

• Despite these advancements:
• Poorly resolved regions make it difficult to estimate large curvature values.

• It may be difficult/expensive to build higher-order WENO schemes for numerical approximation in adaptive grids.

Under-resolved, concave interface 
regions in an irregular interface

Dimensionless curvature bilinearly 
interpolated at the interface.
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Preliminary Research: A Neural-Network-only Approach to Estimate 𝜿

• Inspired by the neural network (NN) of [Qi et al. 19] to estimate ℎ𝜅 in VOF:

ℎ𝜅-,/ ≈ 𝑓012
𝐶-#3,/$3 𝐶-,/$3 𝐶-$3,/$3
𝐶-#3,/ 𝐶-,/ 𝐶-$3,/
𝐶-#3,/#3 𝐶-,/#3 𝐶-$3,/#3

• Trained a two-layered model on samples from circles of varying sizes.
• Tested 𝑓"#$ ⋅ on a static sine curve and in a surface-tension-driven oscillating-drop 

simulation with reasonably good results. Interface cells and volume fractions 
constructed by the PLIC method.

Flow simulation: initial conditions 
and state at 𝑡 = 0.02.

Comparing exact versus ML curvature 
estimation for a sinusoidal curve.
(All figures are courtesy of [Qi et al. 19]).
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Preliminary Research: A Neural-Network-only Approach to Estimate 𝜿

• We adapted [Qi et al. 19]’s idea to estimate ℎ𝜅 in LSM [LaLC and Gibou 21a]:

ℎ𝜅-,/ ≈ 𝑓456
𝜙-#3,/$3 𝜙-,/$3 𝜙-$3,/$3
𝜙-#3,/ 𝜙-,/ 𝜙-$3,/
𝜙-#3,/#3 𝜙-,/#3 𝜙-$3,/#3

• Trained five-layered NNs on samples of the form 𝝓, ℎ𝜅∗ ∈ ℝ&' from circles with 
𝑟 ∈ 1.6ℎ, 0.5 − 2ℎ uniformly spaced out with 𝑁( values:

𝑁( 𝜚 = )*+.-
- + 1, 𝜚 = 256, 266, 276 ← nodes per unit length

• One model per grid resolution, optimized for exact signed-distance and 
reinitialized LS functions:

𝜙.
/01 𝐱 = 𝐱 − 𝐱. − 𝑟, 𝜙.(2/ 𝐱 = 𝐱 − 𝐱. - − 𝑟-.

• Built 𝒟 with tuples from 𝜙.(2/ 𝐱 with 𝜈 = 5, 10, 15, 20 redistancing steps.
• Randomized 𝐱. five times for each 𝑟.
• Used our parallel adaptive LSM implementation [Min and Gibou 07][Mirzadeh et al. 16].
• Split 𝒟 into training (70%), testing (15%), and validation (15%) subsets.

Nine-point-stencil LS values and 
𝐱",$% , where ℎ𝜅",$ is computed.
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3.1. Circular-Interface Data Set Generation
The procedure for collecting learning samples from level-set functions with circular interfaces resembles the

method outlined in [36] and [39]. Here, however, we introduce another approach for spacing out circles across the
domain and ensure that all discrete curvatures are sampled equally. The latter is known, among pattern recognition
practitioners, as constructing balanced data sets. The goal is to provide each target class with the same probability
of being accounted for by the learning algorithm. To achieve this, we do not collect samples from a fixed number of
circular interfaces with the same radius [39]. Instead, we explicitly set the number of data pairs that we must extract
for every discrete radius. This technique increases the visibility of high-curvature data pairs (i.e., from small-radius
circles); had we not done that, such samples would be under-represented given that low-curvature patterns can quickly
become dominant.

Let Dc be the set of data pairs extracted from bivariate functions, �(x) : R2 7! R, characterized by smooth circular
isocontours. Define the level-set functions

�c
sd f (x, y) =

q
(x � x0)2 + (y � y0)2 � r and �c

rls(x, y) = (x � x0)2 + (y � y0)2 � r2, (4)

where (x0, y0) is the center of the circular interface, and r is the radius. Notice that unlike �c
sd f (x, y), �c

rls(x, y) is
not a signed distance function. Thus, one must reinitialize �c

rls(x, y) after evaluating the level-set function on the
discretized domain. We have chosen ten iterations throughout this work to solve equation (2) numerically. This choice
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Preliminary Research: A Neural-Network-only Approach to Estimate 𝜿

• We used TensorFlow and Keras to design and train our simple multilayer 
perceptrons (MLPs) with
• Z-scores to normalize 𝝓with SciKit-Learn’s StandardScaler class.
• 140 ReLU neurons in each hidden layer for ℎ = 1/265.
• MSE loss function for optimization.
• Adam optimizer with a learning rate of 0.00015.
• Early-stopping, which monitored the validation MAE (30-epoch patience).

Fit quality for our MLP trained for ℎ = 1/265.  Agreement between numerical and neural solutions.
(a) Numerical method on full 𝒟. (b) 𝑓&'( ⋅ on training subset. (c) 𝑓&'( ⋅ on testing subset. (d) 𝑓&'( ⋅ on validation subset.

Standardization or z-scoring

𝜓" ←
𝜓" − 𝜇)
𝜎)
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Preliminary Research: A Neural-Network-only Approach to Estimate 𝜿
Testing 𝑓456 ⋅ trained for ℎ = 1/265 on the polar-rose LS 
function

𝜙78)9 𝐱 = 𝐱 − 𝑎 cos 𝑝𝜃 − 𝑏 ,
whose zero-isocontour is defined by

𝛾 𝜃 = 𝑎 cos 𝑝𝜃 − 𝑏 .
We have chosen 𝑝 = 3, 𝑎 = 0.075, and 𝑏 = 0.15 in a domain 
discretized with one quadtree with 𝜂 = 7max level of refinement.

(a) Numerical at 10 iterations.

Fit quality for the numerical- and𝑓&'( ⋅ -based methods.

(b) Numerical at 20 iterations. (c) 𝑓&'( ⋅ at 10 iterations. (d) 𝑓&'( ⋅ at 20 iterations.
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Preliminary Research: A Hybrid Inference System to Estimate 𝜿

• Can we do better than a network-only approach?
Yes! By hybridization.

• First, we have presented enhanced NNs [LaLC and Gibou 21b], 𝐹: ⋅ : ℝ; ↦ ℝ, that output ℎ𝜅 for smooth two-
dimensional interfaces, given a preprocessed nine-point stencil, 𝝓, of LS values.

Transforming 𝑓* 𝑡 by 𝑇 𝑥* and 𝑅 𝜃* .
Domain partitioned into Ω+ and Ω, regions.

• Added affine-transformed sinusoidal interfaces for training,
𝑓/ 𝑡 = 𝐴 sin 𝜔𝑡 ,

with their corresponding 𝜙/
/01 𝑥 and 𝜙/(2/ 𝑥 LS functions.  Varying 𝑓/ 𝑡

combinatorically in 𝐴, 𝜔, and 𝜃/ with random translations (𝐱/).
• Ease-off and histogram-based probabilistic subsampling.
• Data augmentation by rotating stencils by 90° three times.

• Reduced degrees of freedom by considering only half the curvature 
spectrum.  Exploited problem’s intrinsic symmetry.

• Used −𝜅∗ ∈ [0.5, 85-.] for all grid resolutions.
• Redistributed circular interfaces uniformly on 𝜅∗ instead of their radii.
• Redistanced both 𝜙/(2/ 𝐱 and 𝜙.(2/ 𝐱 only with 𝜈 = 10 iterations.
• Preprocessed 𝝓with PCA and whitening.
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Preliminary Research: A Hybrid Inference System to Estimate 𝜿

Computes ℎ𝜅 at the nodes and 
linearly interpolates it at

𝐱",$/ = 𝐱",$ − 𝜙",$
∇𝜙 𝐱",$
∇𝜙 𝐱",$

≈ 𝐱",$%

Decides whether we should keep 
𝐺0 ⋅ ’s estimation or use ML

Performs PCA 
and whitening
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3.1. Circular-Interface Data Set Generation
The procedure for collecting learning samples from level-set functions with circular interfaces resembles the

method outlined in [36] and [39]. Here, however, we introduce another approach for spacing out circles across the
domain and ensure that all discrete curvatures are sampled equally. The latter is known, among pattern recognition
practitioners, as constructing balanced data sets. The goal is to provide each target class with the same probability
of being accounted for by the learning algorithm. To achieve this, we do not collect samples from a fixed number of
circular interfaces with the same radius [39]. Instead, we explicitly set the number of data pairs that we must extract
for every discrete radius. This technique increases the visibility of high-curvature data pairs (i.e., from small-radius
circles); had we not done that, such samples would be under-represented given that low-curvature patterns can quickly
become dominant.

Let Dc be the set of data pairs extracted from bivariate functions, �(x) : R2 7! R, characterized by smooth circular
isocontours. Define the level-set functions

�c
sd f (x, y) =

q
(x � x0)2 + (y � y0)2 � r and �c

rls(x, y) = (x � x0)2 + (y � y0)2 � r2, (4)

where (x0, y0) is the center of the circular interface, and r is the radius. Notice that unlike �c
sd f (x, y), �c

rls(x, y) is
not a signed distance function. Thus, one must reinitialize �c

rls(x, y) after evaluating the level-set function on the
discretized domain. We have chosen ten iterations throughout this work to solve equation (2) numerically. This choice

4

Five-layered MLP 
trained only on the 
negative curvature 
spectrum data set 𝒟.

ℎ𝜅 ← 𝐺3 𝒢, R𝑁,𝝓 ;
if ℎ𝜅 < ℎ𝜅1245 then

return ℎ𝜅;
else
𝜍 ← sign ℎ𝜅 ;
if 𝜍 is + then𝝓 ← −𝝓; end
ℎ𝜅 ← 𝐹3 𝑃3 𝝓 ;
if 𝜍 is + then ℎ𝜅 ← −ℎ𝜅; end
return ℎ𝜅;

end
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• We followed the same training approach as [LaLC and Gibou 21a] except for:
• PCA + whitening to speed up convergence [LeCun et al. 12] using SciKit-Learn’s PCA

class.
• 180 ReLU neurons in each hidden layer for ℎ = 1/128 (i.e., for unit-square quadtrees

with 𝜂 = 7maximum level of refinement).
• Halving the learning rate from 1.5×10*6 to 1.5×10*7 if validation MAE does not 

improve for 15 epochs.
• Delayed early-stopping with a patience of 60 epochs.

Preliminary Research: A Hybrid Inference System to Estimate 𝜿

Fit quality on 𝒟12* for (left) 𝐺0 ⋅ and (right) 𝐹0 ⋅ trained for 𝜂 = 7.
Training statistics on 𝒟12* in terms of 𝜅 for 𝜂 = 7.

Principal component analysis 
(PCA) is a change of basis, where the 

new axes are the first 𝑘 singular 
vectors of the covariance matrix

𝐶 =
1

𝑛 − 1
𝐷 −𝑀 3 𝐷 −𝑀 .

If 𝑋 = 𝐷 −𝑀 and 𝐶 = 𝑈𝑆𝑉3, then
𝑋 4 = 𝑋𝑉 4

is the 𝑛-by-𝑘 transformed data set, 
where 𝑉 4 are the first 𝑘 cols in 𝑉.

Whitening: 𝑋5
4 = 𝑋 4 𝑆 4 +!"
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Testing our hybrid system for ℎ = 2#< on 𝜙78)9 𝐱 with 𝑝 = 5, 𝑎 = 0.12, and 
𝑏 = 0.305.

(a) Compound numerical method (b) Hybrid method

Figure 4: Training outcome correlation between expected and approximated h over Drls in an adaptive grid with `max = 7.

spacing of h = 1/128. These settings allow us to gather 632 data pairs for which we can calculate their mean curvature
exactly with equation (11) at their closest points on �1. Similar to locating nearest points to vertices along sine waves
(section 3.2), we use bisection followed by Newton-Raphson’s root finding to determine the optimal angle, ✓⇤, that
yields x?i, j in Figure 2. In addition, we keep the network threshold  f lat = 5, as stated in section 3.3.

Figure 6 illustrates the quality of the dimensionless curvature estimations computed with our hybrid approach and
the compound numerical method. For reference, we also include the numerical approximations when we reinitialize
�rose with 20 iterations. It is then easy to see that our strategy delivers comparable or better results than the conventional
numerical schemes when the interface features slowly varying curvatures. Table 2 has more to say about this. It
provides raw  error statistics and shows that our framework is slightly more accurate in the L1 norm. The latter holds
even if one uses numerical procedures alone with twice the number of redistancing operations necessary for training
F(7)

hyb. Last, Table 2 tells us that, on average, the numerical method gets better at estimating  as the number of iterations
increases. This behavior is expected, but the gained advantage is not significant if we contrast it with the mean absolute
error incurred by the hybrid algorithm.

Mean Absolute Error Max Absolute Error Mean Squared Error

Neural network 1.815692 ⇥ 10�1 7.242649 8.291462 ⇥ 10�2

Compound numerical method 4.511332 2.926552 ⇥ 101 5.141757 ⇥ 101

Table 1: Training outcome statistics with respect to  over Drls in an adaptive grid with `max = 7.

(a) �1: r(✓) = 0.075 sin(5✓) + 0.35 (b) �2: r(✓) = 0.12 sin(5✓) + 0.305

Figure 5: Two shape configuration of the polar rose interface. The continuous line denotes the interface, and the dots indicate samples collected next
to �.
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(a) Using PCA and whitening (b) Using standardization

Figure 8: Comparison of the generalization behavior of the network-only model for ⌫ = 10 when inferring the dimensionless curvature along �2.

system (as in [36, 37, 39]), the conventional compound numerical method, and the hybrid model introduced in section
3.3.

The convergence analysis realizes the idea of building independent neural networks for each grid resolution. This
study agrees with the thesis that a dictionary of level-set curvature neural networks is simpler and more accurate than
a universal regression model. Therefore, we have trained suitable models, F(⌫)

net and F(⌫)
hyb, for the network-only and

hybrid strategies from circular- and sinusoidal-interface samples in four resolutions, h⌫ = 2�⌫, where ⌫ = 7, 8, 9, 10.
To assemble the corresponding learning data sets D(⌫), we consistently use min = 0.5, max = 85 1

3 , and  f lat = 5,
as described in sections 3.1 and 3.2. Regarding Algorithm 3, however, we opt for redefining the inference threshold
(⌫)f lat = (⌫�6) f lat, so that the curvature solver prefers the numerical method over the neural network in wider curvature
intervals around 0 as ⌫ ! 10. The goal is to leverage the traditional numerical framework, knowing that its accuracy
increases as the mesh becomes finer.

As a prelude to the accuracy convergence study, we begin by analyzing the architectural complexity of F(⌫)
net and

F(⌫)
hyb. Table 4 shows the relation among mesh size, number of trainable parameters, and number of computing units in

each of the models’ four hidden layers. It also includes the cardinality of D(⌫) and a couple of test-subset curvature
error statistics.

There are a few points in Table 4 worth discussing. As noted above, network-only models must account for the
full curvature spectrum; thus, F(⌫)

net required exposure to both positive and negative curvature samples. Some direct
consequences of this were longer training times and more complex architectures than F(⌫)

hyb.
A second observation drawn from Table 4 concerns the lack of correlation between the minimum cell width and the

size of the hidden layers in F(⌫)
net. We attribute such a disassociation to the need for su�cient neural capacity to keep up

with the increasing variety of sample patterns as h ! 0. Also, deciding on the hidden layer size was mostly arbitrary;
most times, we settled on the shown architectures after several trials. Even though we sought to simplify all neural
topologies as much as possible, it turned out to be easier to design F(⌫)

hyb than tweaking the hyperparameters for F(⌫)
net.

Last, we reflect on the seemingly amiss statistics for ⌫ = 10 in Table 4. All neural networks up to ⌫ = 9 used
principal component analysis and whitening to transform the input vector �, as described in section 3.3. However, when
we optimized F(10)

net with the same input transformation, the generalization performance on �2 degraded significantly
along regions where h ⇠ 0 (see Figure 8a). The problem persisted in di↵erent network configurations and despite 
average squared and absolute errors around 1.9 ⇥ 10�3 and 3.1 ⇥ 10�2, respectively, in the test subset. After further

Method Mean Absolute Error Max Absolute Error Mean Squared Error

Hybrid approach 1.778957 ⇥ 10�1 4.841265 1.601629 ⇥ 10�1

Numerical method, 10 iters. 4.441347 ⇥ 10�1 1.726560 ⇥ 101 2.570065
Numerical method, 20 iters. 4.046386 ⇥ 10�1 1.745362 ⇥ 101 2.554465

Table 3: Error analysis with respect to  for �2 in an adaptive grid with `max = 7.
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Comparing 𝜅 results for ℎ = 1/128with a model with four 180-ReLU-neuron hidden layers. 

Preliminary Research: A Hybrid Inference System to Estimate 𝜿

Fit quality for ℎ𝜅 using the 
hybrid approach and 𝐺0 ⋅ .

(a) Hybrid approach (𝜈 = 10). (b) Numerical 𝐺0 ⋅ (𝜈 = 10). (c) Numerical 𝐺0 ⋅ (𝜈 = 20).
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• PCA and whitening are good for convergence but leads to overfitting as ℎ → 0 (despite early stopping).
• Can we increase generalization?

• The process for building 𝒟 and optimizing 𝐹: ⋅ does not scale well for large 𝜂.
• Can we exploit other properties besides the problem’s intrinsic symmetry?
• Can we just not throw away the numerical ℎ𝜅 approximation during inference?

Can we do better than that?

Generalization of a network-only model for 𝜂 = 10when inferring ℎ𝜅 along previous 𝜙16*7 𝐱 .
(a) Using PCA and whitening. (b) Using z-scores.

Topological analysis.  Data-set size grows too 
much as 𝜂 increases.

𝜂 𝒟
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Error neural modeling schemes
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• Drawing inspiration from ML-augmented scalar advection [Pathak et al. 20], ECNets for semi-Lagrangian transport 
[LaLC and Gibou 21c] using quadtrees [Strain 99], and image-super resolution technologies [Dong et al. 14].
• Goal: To compute on-the-fly corrections to a coarse grid trajectory, so that it follows that of a much finer grid.

• In [LaLC and Gibou 21c], we introduced the MLSemiLagrangian() routine: a hybrid advection solver for FBPs. 
• MLSemiLagrangian() couples numerical advection with the ECNet ℱ.,1 ⋅ to improve LS accuracy next to Γ;.
• Exploited advection and curvature symmetry invariance.

Introducing Error-Correcting Neural Networks (ECNets)

Zero-contours at the end of the 15th revolution.  Left and right: numerical baseline for ℎ = 2+8 and ℎ = 2+9.  
Center: MLSemiLagrangian() solution for ℎ = 2+8.  Analytical disk appears in red.

Use case: Rotating disk of radius 
0.15, initially placed at 0, 0.75 , 
subject to

𝐮 𝑥, 𝑦 =
1
2
−𝑦
𝑥

within Ω ≡ −1,+1 -.
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• We have proposed an MLCurvature() hybrid routine in [LaLC and Gibou 22] that uses an ECNet to correct the 
numerical error in ℎ𝜅 by:
• Leveraging context information like 𝜙 values, gradient, and ℎ𝜅 itself.
• Enablingℱ< ⋅ prediction only when necessary (and its output with ℎ𝜅 near flat regions).
• Exploiting 𝜅 rotation/reflection invariance to simplify the problem and improve stability through double predicting.
• Incorporating dimensionality reduction, well-balanced data sets, and regularization to increase generalization.

Novel Error-Correcting Neural Network for 2D Curvature Computation

If ℎ𝜅∗ is the true dimensionless 
curvature at 𝐱𝓃% , and ℎ𝜅 is its 
numerical estimation at 𝐱𝓃/ ≈ 𝐱𝓃% , 
then

ℎ𝜅∗ = ℎ𝜅 + ̅𝜀,
where ̅𝜀 is the numerical error.
We assume we can model ̅𝜀 with 
ℱ< ⋅ to produce ℎ𝜅⋆ so that

ℎ𝜅⋆ ≈ ℎ𝜅∗

Computes ℎ𝜅 at the nodes
Context data: nodal LS values (𝝓) 

and unit normal vectors ( U𝑁)

Gathers node 𝓃’s data packet 𝓅

If ℎ𝜅 ≥ ℎ𝜅>?@265
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Novel Error-Correcting Neural Network for 2D Curvature Computation

28 features NN-corrected 
dimensionless 

curvature
ℎ𝜅ℱ

ℎ-normalization, 
z-scoring, and 

PCA + whitening

Context information in the 
original data packet 𝓅∘

𝑚B + 1 inputs

Reflected data packet 𝓅′

Reoriented data packet 𝓅

ℎ𝜅ℱ>
More stable and 

accurate estimation
ℎ�̅�ℱ = D

E ℎ𝜅ℱ + ℎ𝜅ℱ
F

Six-layered ℱ< ⋅ model, 
featuring a skip connection.
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Novel Error-Correcting Neural Network for 2D Curvature Computation

𝓅.𝜙"$ ← !
# 𝓅.𝜙"$, for 𝑖, 𝑗 ∈ 𝑚, 0, 𝑝 ;

𝐪 ←Vectorize(𝓅);

𝒬 ←GetStats();

𝝁, 𝝈 ← 𝒬.StdScaler;    // Z-scoring.

𝐳 ← 𝐪 − 𝝁 ⊘𝝈;

𝑉 G$ , 𝑆 G$ ← 𝒬.PCA;    // Dim. reduction.

𝐩 ← 𝑆 G$
+D/E

𝑉 G$
3
𝐳;

return 𝐩;

𝐩 ← Preprocess(𝓅, ℎ)

We have chosen
ℎ𝜅>?@265 = 0.004 = ℎ𝜅>?@∗

and
ℎ𝜅>?@

IJ = 0.007

Computing ℎ𝜅ℱ for 𝓅

Computing ℎ𝜅ℱ" for 𝓅"

Averaging into ℎ�̅�ℱ

Populating 𝓃’s original data packet

Transitioning from ℎ𝜅 to ℎ�̅�ℱ linearly in 
the range of ℎ𝜅#$%&'( , ℎ𝜅#$%

)*

Computing (numerical) ℎ𝜅 at 𝐱𝓃,



Computer Science Department

25

Novel Error-Correcting Neural Network for 2D Curvature Computation

• Data-set generation like [LaLC and Gibou 21b], on circular and sinusoidal interfaces, except for non-dimensional 
parametrization: Scalable across grid resolutions!
• Built 𝒟 = 𝒟. ∪ 𝒟/ with tuples with ℎ𝜅∗ between ℎ𝜅EFG∗ = 𝟎. 𝟎𝟎𝟒 and ℎ𝜅EHI∗ = 𝟐

𝟑 (← equivalent to a circle with 𝑟 = 1.5ℎ).

• Data-packet reorientation and reflection-based augmentation helped constrain the problem and increaseℱ< ⋅ ’s 
capacity.

• Not considering exact-signed-distance samples anymore, only 𝜙.(2/ 𝐱 and 𝜙/(2/ 𝐱 redistanced with 𝜈 = 10 iterations: Cut 
down 𝒟 at least in half!

• Improved probabilistic subsampling in both kinds of interfaces to give each ℎ𝜅∗ “class” a fair probability of being 
accounted for during training.

Training interfaces and 
their tunable parameters in 

black and blue.
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𝒟- ←GenerateCircularDataSet( 𝜂, ℎ𝜅#$%∗ , ℎ𝜅#/0∗ , CPH, SPH2, 𝜈, KeepEveryX )

CPH = 2

SPH2 = 5
KeepEveryX= 4

Assembling 𝒟! with 
circular-interface samples

Trapezoidal sampling 
distribution

SP
R

𝑟>?@
𝜅>KL∗

𝑟>KL
𝜅>?@∗

M
N
AvgSPR

O
N
AvgSPR

Equally spaced 𝜅∗ steps

Use mean �̅� to prescribe the number of 
samples per 𝑟- into SPR

Find min/max 𝑟 and 𝜅∗ and NC for 
current mesh size 

Spacing out 𝜅∗ from 𝜅#/0∗ to 𝜅#$%∗ into 
TgtK.  Use this to extract 𝑟-

Gather 𝑟- samples until 𝒮 ≥ 2 ⋅ SPR[c].  Use a 
random 𝐱- with  𝑟- to spawn 𝜙- 𝐱 and discretize Ω.

Evaluate 𝜙- 𝐱 on 𝒢, reinitialize it, and 
compute normal vectors (Y𝑁) and curvature (𝜿)

Sample each 𝓃 along Γwith a 
probability of 1/KeepEveryX

Tuple for 𝓅

Tuple for 𝓅"

Randomly subsampling if we went over 2 ⋅ SPR[c]
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𝒟1 ←GenerateSinusoidalDataSet( 𝜂, ℎ𝜅#$%∗ ,ℎ𝜅#/0∗ , EaseOffMidMaxHKPr, NA, NT, 𝜈 )

NA = 34

EaseOffMidMaxHKPr= 0.4

Assembling 𝒟" with 
sinusoidal-interface samples

NT = 38

Pr ⋅

ℎ𝜅>?@∗ ℎ�̅�>KL∗

0.01
ℎ𝜅∗

Find min/max 𝜅∗ and 𝐴 for ℎ
Define sampling radius 𝑟123

Set bounds ℎ𝜅#/0&'( ≤ max
4

ℎ𝜅∗ ≤ ℎ𝜅#/0
)*

along crests and the mean value ℎ�̅�#/0∗

Evaluate 𝜙1 𝐱 on 𝒢, reinitialize it, and 
compute normal vectors (Y𝑁) and curvature (𝜿)

For each 𝐴,𝜔 pair, vary 𝜃1 and pick a random 𝐱1

For each 𝐴, set the frequency 𝜔#$% and 𝜔#/0
bounds to ensure ℎ𝜅#/0∗ ∈ 𝜅#/0&'( , 𝜅#/0

)*

Dist. between the first crests at 𝜔#$% and 𝜔#/0 defines # of 𝜔 steps 

Only nodes inside samp. circ. or if ℎ𝜅∗ ≥ ℎ𝜅#$%∗

Sample each 𝓃 by following 
an ease-off prob. distribution

Tuple for 𝓅

Tuple for 𝓅"

Postprocessing histogram-based subsampling steps

1. Distribute 𝒟* into 100 bins in histogram ℋ, depending on ℎ𝜅∗.

2. Randomly subsample overpopulated bins until 𝑏 ≤ E
M
𝑚ℋ holds for all 

𝑏 ∈ ℋ, where 𝑚ℋ is ℋ’s median.



Computer Science Department

28

Novel Error-Correcting Neural Network for 2D Curvature Computation

• Training technical details:
• Introduced Panda’s cut() function to create 100 ℎ𝜅∗ labels within 𝒟.  Then, we used these labels with SciKit-

Learn’s StratifiedKFold.split() with 𝐾 = 10 to split 𝒟 into training (70%), testing (10%), and validation 
(10%) subsets. 
• We discarded the remaining 10%.
• We did not perform 𝐾-fold cross-validation for efficiency; only a couple of training instances with random weights.

• Added L2 kernel regularization (𝒪 10*k ) in all hidden layers.
• Used Root MSE (RMSE), which favored learning convergence even more than MSE!
• Halved the learning rate from 1.5×10*6 down to 10*7 after seeing 15 epochs of no improvement.
• Stopped optimization after 50 epochs of validation MAE stagnation.

0 50 100 150 200 250 300 350
Epochs

0.00040

0.00077

0.00115

0.00153

0.00190
0.00228
0.00265
0.00303
0.00340
0.00378
0.00416

Er
ro
r

0 50 100 150 200 250 300 350
Epochs

0.00084

0.00156

0.00227

0.00299

0.00371
0.00442
0.00514
0.00586
0.00657
0.00729
0.00801

Er
ro
r

Training
Validation

Learning curves for 𝜂 = 7.  
Left: RMSE. 
Right: MAE.
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• Consider ℱ= ⋅ for 𝜂 = 7 (i.e., ℎ = 1/128), where
• 𝑁3! = 130 ReLU neurons in the first four hidden layers.
• 𝑚l = 18 linear input neurons (i.e., PCA with 𝑚l < 28 components).
• L2 = 5×10*k kernel-regularization factor in all five hidden layers.

Novel Error-Correcting Neural Network for 2D Curvature Computation

Fit quality on 𝒟 for (left) numerical method and (right) ℱ< ⋅ trained for 𝜂 = 7.

Compare

Fit quality on 𝒟12* for prior 𝐹0 ⋅
trained for 𝜂 = 7.

Learning ℎ𝜅 and ℎ𝜅ℱ error statistics on 𝒟 for 𝜂 = 7.
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Novel Error-Correcting Neural Network for 2D Curvature Computation

Testing MLCurvature() for ℎ = 2#< on 𝜙78)9 𝐱 with 𝑝 = 5, 𝑎 = 0.12, and 𝑏 = 0.305.

(a) Compound numerical method (b) Hybrid method

Figure 4: Training outcome correlation between expected and approximated h over Drls in an adaptive grid with `max = 7.

spacing of h = 1/128. These settings allow us to gather 632 data pairs for which we can calculate their mean curvature
exactly with equation (11) at their closest points on �1. Similar to locating nearest points to vertices along sine waves
(section 3.2), we use bisection followed by Newton-Raphson’s root finding to determine the optimal angle, ✓⇤, that
yields x?i, j in Figure 2. In addition, we keep the network threshold  f lat = 5, as stated in section 3.3.

Figure 6 illustrates the quality of the dimensionless curvature estimations computed with our hybrid approach and
the compound numerical method. For reference, we also include the numerical approximations when we reinitialize
�rose with 20 iterations. It is then easy to see that our strategy delivers comparable or better results than the conventional
numerical schemes when the interface features slowly varying curvatures. Table 2 has more to say about this. It
provides raw  error statistics and shows that our framework is slightly more accurate in the L1 norm. The latter holds
even if one uses numerical procedures alone with twice the number of redistancing operations necessary for training
F(7)

hyb. Last, Table 2 tells us that, on average, the numerical method gets better at estimating  as the number of iterations
increases. This behavior is expected, but the gained advantage is not significant if we contrast it with the mean absolute
error incurred by the hybrid algorithm.

Mean Absolute Error Max Absolute Error Mean Squared Error

Neural network 1.815692 ⇥ 10�1 7.242649 8.291462 ⇥ 10�2

Compound numerical method 4.511332 2.926552 ⇥ 101 5.141757 ⇥ 101

Table 1: Training outcome statistics with respect to  over Drls in an adaptive grid with `max = 7.

(a) �1: r(✓) = 0.075 sin(5✓) + 0.35 (b) �2: r(✓) = 0.12 sin(5✓) + 0.305

Figure 5: Two shape configuration of the polar rose interface. The continuous line denotes the interface, and the dots indicate samples collected next
to �.

12

Comparing ℎ𝜅 results for ℎ = 1/128. 

Fit quality for ℎ𝜅 and ℎ𝜅⋆
using the old hybrid 
approach, MLCurvature(), 
and the numerical baseline.

(a) Old hybrid approach (𝜈 = 10). (b) MLCurvature() (𝜈 = 10). (c) Numerical method (𝜈 = 10).

Method MAE Reduct. factor MaxAE Reduct. factor

MLCurvature() 7.37148×10+N − 1.36763×10+E −

Previous system 1.38981×10+M 1.89 3.78224×10+E 2.77

Baseline (𝜈 = 10) 3.46929×10+M 4.71 1.34981×10+D 9.87

Baseline (𝜈 = 20) 3.16221×10+M 4.29 1.36403×10+D 9.97
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Novel Error-Correcting Neural Network for 2D Curvature Computation

Showing scalability to higher resolutions.

Architectural data for 6 ≤ 𝜂 ≤ 11.

Learning ℎ𝜅 and ℎ𝜅ℱ error statistics for 6 ≤ 𝜂 ≤ 11.

Networks and preprocessing objects in JSON format are available at
https://github.com/UCSB-CASL/Curvature_ECNet_2D
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• Incorporating restrictions to enforce continuity or curvature smoothness 
along successive interface nodes [Beucler et al. 21]?

• Adding a well-resolution classifier [Buhendwa et al. 21][Ray and Hesthaven 18] 
[Morgan et al. 20] instead of hand-tuning ℎ𝑘>?@∗ ?

• Three-dimensional curvature computation:
• Based on study by [Patel et al. 19] in VOF.  
• Their models were trained with well-balanced, randomized data sets of 

spherical patches and tested for ellipsoid, waves, and Gaussian shapes, as well 
as in a multiphase flow solver.

• Experience with LSM in 2D shows that we require samples from more than just 
spherical interfaces.

• Per results in [Egan and Gibou 21], should we consider adding (scaled) white 
noise to 𝜙 𝐱 prior to reinitialization?

2 H.V. Patel, A. Panda and J.A.M. Kuipers et al. / Computers and Fluids 193  (2019) 104263  

piece-wise linear interface calculation (PLIC) technique by Youngs 
[8] . At the interface, fluids experience a surface tension force ( F σ ) 
which is computed by the volumetric continuum surface force 
(CSF) model [9] as F σ = σκn . Here, σ is the surface tension, κ is 
the local interface curvature and n is the interface normal vector. 
Accuracy of any multiphase flow simulation is strongly dependent 
on the accuracy of the computed surface tension force which in- 
turn relies on the following aspects: i) accuracy of the local in- 
terface curvature and ii) proper discretization of the surface ten- 
sion force. The balanced-force concept proposed by Francois et al. 
[10] takes care of the latter by discretizing pressure and surface 
tension forces at the same location. Accurate computation of the 
interface curvature is particularly difficult due to the discontinuous 
nature of the volume fraction field and hence the primary scope of 
improvement lies in the development of accurate curvature com- 
putation methods. 

Interface curvature is typically computed from the second-order 
spatial derivative of the volume fraction field. Cummins et al. 
[11] presents a nice review on the characteristics of the conven- 
tional curvature computation methods i.e . convolution (CV) and 
height function (HF) methods. The CV method uses a smoothing 
kernel to smooth the volume fraction field before differentiating 
it. Smoothing is carried out to reduce the high-frequency alias- 
ing errors arising due to numerical differentiation of the abruptly- 
varying volume fraction field. Accuracy and grid convergence of 
the CV method depends on the type of smoothing kernel used 
for convolution. In the HF method, differentiable heights are com- 
puted by summing the volume fractions in one direction across 
the interface. The HF method typically uses a fixed 7 × 3 sten- 
cil (a group of computational cells) in 2D or 7 × 3 × 3 in 3D 
for this purpose. A least-squared (LS) method is another option 
which fits parabola in 2D or paraboloid in 3D using the local 
interface topology/orientation to compute the curvature. Few hy- 
brid methods have also been devised to overcome specific prob- 
lems of the individual conventional methods. The hybrid LS-GHF 
method by Popinet [12] combines the LS and generalized height 
function (GHF) method for more accurate curvature computation 
on adaptive grids. The GHF method uses an adaptive stencil to 
compute heights which changes its size according to the local 
interface topology. The hybrid CV-GHF by Patel et al. [13] com- 
bines the robust CV and accurate GHF method to compute curva- 
tures. A branching algorithm decides the appropriate method for 
curvature computation based on the local interface topology and 
grid resolution. It uses the robust CV method at low grid res- 
olutions when the interface is not adequately resolved and au- 
tomatically switches to the accurate GHF method at higher grid 
resolutions. 

The history of machine learning, neural networks and artifi- 
cial intelligence goes back multiple decades [14–16] . However, in 
the present information age following advancements made the use 
of these techniques widespread: i) Exponential growth of data 
mainly due to world wide web, ii) advancement in parallel com- 
puting specifically with graphical processing units (GPUs) and iii) 
development of user-friendly tools which drastically reduce time 
and effort s to access these techniques. Nasrabadi [17] presents an 
overview of the fundamentals of machine learning along with dif- 
ferent machine learning techniques and their applications. There 
are mainly two types of learning processes in machine learning: i) 
supervised learning where a mapping function between input and 
output variables is to be learned/developed from the data and ii) 
unsupervised learning where only input data is available and there 
are no corresponding output variables; goal is to learn the underly- 
ing pattern or structure of the data for exploratory analysis. Neural 
network is a machine learning technique that is inspired by the 
structure of the brain and uses a network of artificial neurons to 
learn from data. Basheer and Hajmeer [18] present a nice review 

Fig. 1. Schematic diagram of the fluid-fluid interface (in blue) passing through the 
computational grid. Curvature at cell ( i, j, k ) (in red) is computed using the volume 
fractions in the 3 × 3 × 3 stencil (in light yellow) around cell ( i, j, k ). # is the grid 
spacing. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.) 

of the various types of neural networks with their design and ap- 
plications. 

Aim of the present work is to develop a functional relationship 
between volume fractions (in a 3 × 3 × 3 stencil) and local inter- 
face curvature using a neural network with supervised learning. 
Fig. 1 presents a 3D schematic diagram of the fluid-fluid inter- 
face passing through the computational grid. The functional rela- 
tionship can be symbolically written as κ(i, j,k ) # = f (F (l,m,n ) ) where 
l ∈ { i − 1 , i, i + 1 } , m ∈ { j − 1 , j, j + 1 } and n ∈ { k − 1 , k, k + 1 } . # is 
the grid spacing. f is the mapping function which relates the vol- 
ume fractions in the 3 × 3 × 3 stencil (total 27 values of F ( l,m,n ) ) to 
the dimensionless curvature ( κ ( i,j,k ) #) at the center of stencil. In 
the past, there have been few attempts in this direction. Meier 
et al. [19] uses circles of different sizes to fit a polynomial func- 
tion for curvature computation in 2D. However, instead of using 
volume fractions in 3 × 3 stencil (total 9 values), they use the vari- 
able reduction technique to perform this fitting by only 5  inde- 
pendent variables. Svyetlichnyy [20] uses a neural network to de- 
termine the interface normal vector from volume fractions for any 
general computational geometry application. A recent article by Qi 
et al. [21] focuses on the applicability and development of the neu- 
ral network model for curvature computations in 2D. They also use 
their curvature prediction model with a multiphase flow solver to 
simulate an oscillating interface. Their work is one of the first in 
this field showing a promising future of machine learning mod- 
els for curvature computation. However, we feel that an in-depth 
analysis on the a) data generation methodology, b) neural network 
model development, selection and testing along with c) its perfor- 
mance when incorporated in a multiphase flow solver is still miss- 
ing from the present literature. We will focus on these aspects in 
our work. 

In this paper, we will present a systematic approach to develop 
a machine learning model (using a neural network) which pre- 
dicts the interface curvatures in 3D using volume fraction from a 
3 × 3 × 3 stencil. First, we will discuss a data generation methodol- 
ogy which generates a well-balanced data set using spherical inter- 
face patches of different configurations/orientations. Next, we will 

A 27-cell stencil to compute 𝜅 ",$,4 in VOF 
(Courtesy of [Patel et al. 19])

Ongoing and Future Work



Computer Science Department

33

Thank You!



Computer Science Department

34

References
[Osher and Fedkiw 02] S. Osher and R. Fedkiw.  Level Set Methods and Dynamic Implicit Surfaces.  Springer-Verlag, 2002. New York, NY. 

[Osher and Sethian 88] S. Osher and J. A. Sethian.  Fronts propagating with curvature dependent speed: Algorithms based on Hamilton-Jacobi formulations.  J. Comput. Phys., 
79(1):12–49, 1988. 

[Gibou et al. 18] F. Gibou, R. Fedkiw, and S. Osher.  A review of level-set methods and some recent applications.  J. Comput. Phys., 353:82–109, 2018. 

[Sussman et al. 94] M. Sussman, P. Smereka, and S. Osher.  A level set approach for computing solutions to incompressible two-phase flow.  J. Comput. Phys., 114(1):146–159, 
1994.

[Salih and Ghosh 13]  A. Salih and S. Ghosh Moulic.  A mass conservation scheme for level set method applied to multiphase incompressible flows.  Int. J. Comput. Meth. Eng. Sci. 
Mech., 14:271–289, 2013.

[LaLC and Gibou 21a]  L. Á. Larios-Cárdenas and F. Gibou.  A deep learning approach for the computation of curvature in the level-set method.  SIAM J. Sci. Comput., 
43(3):A1754–A1779, 2021.

[LaLC and Gibou 21b] L. Á. Larios-Cárdenas and F. Gibou.  A hybrid inference system for improved curvature estimation in the level-set method using machine learning.  
Submitted, https://arxiv.org/abs/2104.02951, 2021.

[LaLC and Gibou 21c]  L. Á. Larios-Cárdenas and F. Gibou.  Error-correcting neural networks for semi-Lagrangian advection in the level-set method.  Submitted, 
https://arxiv.org/abs/2110.11611, 2021.

[LaLC and Gibou 22]  L. Á. Larios-Cárdenas and F. Gibou. Error-correcting neural networks for two-dimensional curvature computation in the level-set method.  Submitted, 
https://arxiv.org/abs/2201.12342, 2022.

[Popinet 18] S. Popinet.  Numerical models of surface tension.  Annu. Rev. Fluid Mech., 50(1):49–75, 2018.

[Lervåg 14]  K. Y. Lervåg.  Calculation of interface curvature with the level-set method. https://arxiv.org/abs/1407.7340, 2014.

[Jiang and Peng 00]  G.-S. Jiang and D. Peng.  Weighted ENO schemes for Hamilton-Jacobi equations.  SIAM J. Sci. Comput., 21:2126–2143, 2000.

[Russo and Smereka 00] G. Russo and P. Smereka.  A remark on computing distance functions.  J. Comput. Phys., 163(1): 51–67, 2000.

[Egan and Gibou 21]  R. Egan and F. Gibou.  DNS Interfacial Processes.  MURI: Predicting turbulent multi-phase flows with high fidelity.  Fortnightly Meetings.  March 30, 2021.

https://arxiv.org/abs/2104.02951
https://arxiv.org/abs/2110.11611
https://arxiv.org/abs/2201.12342
https://arxiv.org/abs/1407.7340


Computer Science Department

35

References
[Patel et al. 19]  H. V. Patel, A. Panda, J. A. M. Kuipers, and E. A. J. F. Peters.  Computing interface curvature from volume fractions: A machine learning approach.  Comput. 

Fluids, 193:104263, 2019.

[Ray and Hesthaven 18] D. Ray and J. S. Hesthaven.  An artificial neural network as a troubled-cell indicator.  J. Comput. Phys., 367:166– 191, 2018. 

[Morgan et al. 20] N. R. Morgan, S. Tokareva, X. Liu, and A. D. Morgan.  A machine learning approach for detecting shocks with high-order hydrodynamic methods.  AIAA 
SciTech Forum, 2020.

[LeCun et al. 12] Y. A. LeCun, L. Bottou, G. B. Orr, and K.-R. Müller.  Efficient BackProp, volume 7700 of Lecture Notes in Comput. Sci., pages 9–48. Springer Berlin Heidelberg, 
Berlin, Heidelberg, 2012. 

[Dong et al. 14] C. Dong, C. C. Loy, K. He, and X. Tang.  Learning a deep convolutional network for image super-resolution.  In D. Fleet, T. Pajdla, B. Schiele, and T. Tuytelaars, 
editors, Computer Vision – ECCV 2014, pages 184–199, Cham, 2014. Springer International Publishing.

[Min and Gibou 07] C. Min and F. Gibou.  A second order accurate level set method on non-graded adaptive Cartesian grids.  J. Comput. Phys., 225(1):300–321, 2007.

[Du Chéné et al. 08] A. du Chéné, C. Min, and F. Gibou.  Second-order accurate computation of curvatures in a level set framework using novel high-order reinitialization 
schemes.  J. Sci. Comput., 35:114–131, 2008.

[Mirzadeh et al. 16] M. Mirzadeh, A. Guittet, C. Burstedde, and F. Gibou.  Parallel level-set methods on adaptive tree-based grids.  J. Comput. Phys., 322:345–364, 2016.

[Pathak et al. 20] J. Pathak, M. Mustafa, and K. Kashinath.  Using machine learning to augment coarse-grid computational fluid dynamics simulations. 
https://arxiv.org/abs/2010.00072, 2020.

[Qi et al. 19]  Y. Qi, J. Lu, R. Scardovelli, S. Zaleski, and G. Tryggvason.  Computing curvature for volume of fluid methods using machine learning.  J. Comput. Phys., 377:155–161, 
2019.

[Strain 99] J. Strain.  Semi-Lagrangian methods for level set equations.  J. Comput. Phys., 151:498–533, 1999.

[Beucler et al. 21] T. Beucler, M. Pritchard, S. Rasp, J. Ott, P. Baldi, and P. Gentine.  Enforcing analytic constraints in neural networks emulating physical systems.  Phys. Rev. 
Lett., 126(9):098302, 2021.

[Buhendwa et al. 21] A. B. Buhendwa, D. A. Bezgin, and N. Adams. Consistent and symmetry preserving data-driven interface reconstruction for the level-set method.  
https://arxiv.org/abs/2104.11578, 2021.

https://arxiv.org/abs/2010.00072
https://arxiv.org/abs/2104.11578

